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1/^ ' Recently, several discussions on the possible observability of 4-vector po- 

tential have been published in literature. Furthermore, several authors 
recently claimed existence of the helicity=0 electromagnetic field. We 

re-examine the theory of antisymmetric tensor field and 4-vector poten- 
^ ■ tials. We study the massless limits too. In fact, a theoretical motiva- 

^1^ ' tion for this venture is old papers of Ogievetskii and Polubarinov, Hayashi, 

^vj ' and Kalb and Ramond, which are widely accepted by physics community. 

r~s This paper is based on two poster presentations "About the Longitudinal Na- 

<-»,. , ture of the Antisymmetric Tensor Field after Quantization" and "Normalization 

j^»^ . and m ^ Limit of the Proca Theory" at the Workshop "Lorentz Group, CPT 

^»^ ' and Neutrinos" (Zacatecas, Mexico, June 23-26, 1999). 
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1 Introduction 



fieldlil' 
works I 



.984 I was concerned with the puzzle of the so-caned-|Kalb-Raniond 
and the problem of higher spins. Later, thanks to DiraccI and Weinberg 
a I learnt that a number of theoretical aspects of electrodynamic theory 
deserve more attention. First of all, they are: the problem of "fictions photons 
of helicity other than ±j, as well as the indefinite metric that must accompany 
L^ ■ them" ; the renormalization idea, which "would be sensible only if it was applied 

i*^ . with finite renormalization factors, not infinite ones (one is not allowed to 

C^ ' neglect [and to subtract] infinitely large quantities)" ; contradictions with the 

Weinberg theorem "that no symmetric tensor field of rank j can be constructed 
from the creation and annihilation operators of massless particles of spin j" , 
etc. Moreover, it appears now that we do not yet understand many specific 
features of classical electromagnetism, first of all, the problems of longitudinal 
modes, of the gauge, of the CoulombL.acti|Dn-at-a-distance, and of the Horwitz' 
additional invariant parameter, refs.LnjQQLi. In this presentation I re-examine 
the theory of 4-potential field and antisymmetric tensor field of the second rank. 
The concept of the Ogievetskii-Polubarinov-Kalb-Ramond field is simplified 
considerably. 
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2 4-potentials and Antisymmetric Tensor Field 

The spin-0 and spin-1 particleS|Xan be constructed by taking the direct product 
of the spin- 1/2 field functions Il3. Let us firstly repeat the Bargmann-Wigner 
procedure of obtaining the equations for bosons of spin Jl and 1. The set of 
basic equations for j = and j — I are written, e.g., ref.llll 

[ird,-m]^f,^p^{x)=0 , (1) 

[trdf,-m]_^^,'i'^p(x)=0 . (2) 

We expand the 4x4 matrix wave function into the antisymmetric and sym- 
metric parts in a standard way 

*[a,3] = i?a/30 + llsRsp^ + llsllRr^A^ , (3) 

'^{c.p}^€sRsf>A^ + <TZRsf3F^u , (4) 

where R = CP has the properties (which are necessary to make expansions 
(^H) to be possible in such a form) 

R^ = -R , R^ ^R^R-^ , (5) 

i?'Vi?=(7T , (6) 

i?-Vi?=-(7'^r , (7) 

R-^a'"'R^-{a'"'f . (8) 

The explicit form of this matrix can be chosen: 

provided that 7'' matrices are in the Weyl representation. The equations (0,0) 
lead to the Kemmer set of the j — equations: 

m0 = , (10) 

m4>^-i^^,A^' , (11) 

m> = -ia^0 , (12) 

and to the Proca-Duffin-Kemmer set of the equations for the j = 1 case: |j 

do.F""' + -A^ = , (15) 

2mFf"' = df'A" - d^A^' , (16) 



"^We could use another symmetric matrix -y^a^" R in the expansion of the symmetric spinor 
of the second rank. In this case the equations will read 

idc.F""' + —B^' = , (13) 
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In the meaajtime, in the textbooks, the latter set is usuaUy written as {e.g., p. 
135 of rcf.M) 

daF°"' + m^A'' = , (17) 

Ff"" = d^A" ~ d^A^" , (18) 

The set (17,lJ) is obtained from ( [l5| , p^ ) after the normahzation change Afj, -^ 
2mA^ or i^^,y — > -^F^^. Of course, one can investigate other sets of equa- 
tions with different normahzation of the F^^, and A^ fields. Are all these 
sets of equations equivalent? As we shall see, to answer this question is not 
trivial. Ahluwalia argued that the physical normalization is such that in the 
massless-limit zero-momentum field functions should vanish in the momentum 
representation (there are no massless particles at rest). We advocate the fol- 
lowing approach: the massless limit can and must be taken in the end of all 
calculations only, i. e., for physical quantities. 

Let us proceed further. In order to be able to answer the question about the 
behaviour of the spin operator J' = ^e^^^ J^^ in the massless limit one should 
know the behaviour of the fields F^^ and/or A^ in the massless limit. We want 
to anaJ^e the first set ([l5| , [l6| ). If one advocates the following definitions (p. 
209 ofB) 

.'^(0,+l)^-^fM, ^nO,0)=M, .-(0,-1).-L(M(19) 

and (pi = Pi/ I p I, 7 = Ep/m), p. 68 of ref.Ej, 

6''(p,a)=i^ ,(p)6''(0,a), (20) 

i"o(p)-7, L» o(P)-i° ,:(P)-]^^V7^^, (21) 

L' fe(p) = <5.fc + (7-l)P.Pfe (22) 



2imF^"' = a^B" - d" B^' . (14) 

in which the dual tensor F*"^ = ^e'-'-^P'^ Fpa presents, because we used that in the Weyl 
representation 7^0-'^'^ = ^e^^^P" crpa; B>^ is the corresponding vector potential. The equation 
for the antisymmetric tensor field (which can be obtained from this set) does not change its 
form (cf. [4i,j]) but we see some "renormalization" of the field functions. In general, it is 
permitted to choose various relative phase factors in the expansion of the symmetric wave 
function (4) and also consider the matrix term of the form 70-'"'. We shall have additional 
phase factors in equations relating the physical fields and the 4- vector potentials. They can 
be absorbed by the redefinition of the potentials/fields. The above shows that the dual 
tensor of the second rank can also be epxanded in potentials. This discussion is intimately 
related to the matter of parity properties of j = 1 field and with the theoretical quest of 
existence of antiparticle in the (1,0) ffi (0, 1) and/or (1/2, 1/2) representations. 
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for the 4- vector potential field,[|p. 129 of ref.E3 



A^ix") = 



cr=0,±l 



d^p 1 

(27r)3 2E^ 



(23) 



the normahzation of the wave functions in the momentum representation is 
thus chosen to the unit, e*(p, (7)e^(p, ct) = — 1-Q We observe that in the 
massless hmit all the defined polarization vectors of the momentum space do 
not have good behaviour; the functions describing spin-1 particles tend to 
infinity. This is not satisfactory.|j Nevertheless, after renormalizing the poten- 
tials, e. g., e'^ — > w** = me^ we come to the field functions in the momentum 
representation: 



w^'(p,+l) = - 



N 


/ Pr \ 

Ep+m 

im+ P^'P" 

Ep+m 

\ P3Pr / 

\ E„+m / 


V2m 



(p,-l) 



N 
V2rr 



V 



Pi 



m +- 
-im - 



Ep+m 



«''(P,0) = - 



\m + 



P3 

PlP3 

Ep+m 

P2P3 

Ep+m 

pI 



_ \ 

l 

n 
-in 

) 

(24) 
(25) 
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(^N — m and p^,; = Pi ± iP2) which do not diverge in the massless limit. Two 
of the massless functions (with h = ±1) are equal to zero when a particle, 
described by this field, is moving along the third axis (pi = p2 = 0, ps ^ 0). 



''Remember that the invariant integral measure over the Minkowski space for physical par- 
ticles is 

E„ 



d'^pSip^ - m^) 



2Er) 



v^ 



- m^ 



Therefore, we use the field operator as in (B3). Tiha coefficient (27r)^ can be considered 
at this stage as chosen for the convenience. In ref. E3 the factor _lj'(2_Ep) was absorbed in 
creation/annihilation operators and instead of the field operator (£3) the operator was used 
in which the €''(p, cr) functions for a massive spin-1 particle were substituted by n^(p, a) = 
{2Ep)~^/'^e^^{p,a), what may lead to confusions in the definitions of the massless limit 
m ^ for classical polarization vectors. i—i 

'^The metric used in this paper g^" = diag(l, —1, —^—1) is different from that of ref.113. 
'^ It is interesting to remind that the authors of ref. E3 (see page 136 therein) tried to inforce 
the Stueckelberg's Lagrangian in order to overcome the difficulties related with the m — > 
limit (or the Proca theory — > Quantum Electrodynamics). The Stueckelberg's Lagrangian 
is well known to contain an additranal term which may be put in correspondence to some 
scalar (longitudinal) field (cf. alsolZI). 
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The third one {h = 0) is 



u'"iP3,0) \m^o-- 



fp3\ 






\ pL 



' Ep 



, En 



(26) 



and at the rest {Ep = ps -^ 0) also vanishes. Thus, such a field operator de- 
scribes the "longitudinal photons" what is in the complete accordance with the 
Weinberg theorem B—A = h for massless particles (we use the Z?(l/2, 1/2) rep- 
resentation). Thus, the change of the normalization can lead to the "change" 
of physical content described by the classical field (at least, comparing with 
the well- accepted one). In the quantum case one should somehow fix the form 
of commutation relations by some physical principles. They may be fixed by 
requirements of the dimensionless of the action (apart from the requirements 
of the translational and rotational invariancies). 

Furthermore, it is easy to prove that the physical fields F^^'^ (defined as in 
(lq,16|), for instance) vanish in the massless zero-momentum limit under the 
both definitions of normalization and field equations. It is straightforward to 
findB(+)(p,cr) = 2^pxu(p, cr), E(+)(p,cr) = 2^pou(p, cr)- 2^pu"(p, cr) and 
the corresponding negative-energy strengths for the field operator (in general, 
complex- valued) 



CT=0,±1 

Here they are:^] 



dh 



{2T:f2Ep 



F[X){P, a) a(p, a) e~^P^ + Fj^^^ip, a) 6t(p, a) e+ 

(27) 



ipx 



B(+)(p,+l) 




-i"-iB(-)(p -1 



BW(p,0) = ^ j -pi I =-e— «B(-)(p,0) 



(28) 
(29) 



b(+)(p,-i) 



iN 
2V2n 



_e-»"+iB(-)(p,+l) 



(30) 



"In this paper we assume that [e^(p, ct)]'^ = e*"" [e''(p, cr)]*, with a^ being arbitrary phase 
factors at this stage. Thus, C = I^xi and S'-^ = K. Taking in mind the problem of indefinite 
metrics it would be interesting to investigate other choices of the C, the charge conjugation 
matrix and/or consider a field operator composed of CP-conjugate states. 
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and 



PlPr 

E(+)(p,+l) = -— ^ z£;,-i:^U+e— E(-)(p,-l) , (31) 



E(+)(p,0) = ^l -^ |=-e-oE(-)(p,0) , (32) 

E(+)(p,-l) = -^l -^i?p-i;^ I =+e— ■.^E^-^(p,+l) , (33) 




2V2i 



Ep+m 




where we denoted, as previously, a normalization factor appearing in the defi- 
nitions of the potentials (and/or in the definitions of the physical fields through 
potentials) as N. 

For the sake of completeness let us present the fields corresponding to the 
"time-like" polarization: 



u^{p,Ot)^- ^' I , BW(p,00 = O , EW(p,0t) = O. (34) 



The polarization vector u'^(p, Ot) has good behaviour iw m ^r Q, N — m 
(and also in the subsequent limit p ^ 0) and it may correspond to some 
field (particle). As one can see the field operator composed of the states of 
longitudinal (e.g., as positive-energy solution) and time-like (e.g., as negative- 
energy solution) polarizations may describe a situation when a particle and an 
antiparticle have opposite intrinsic parities. Furthermore, in the case of the 
normalization of potentials to the mass N — m the physical fields B and E, 
which correspond to the "time-like" polarization, are equal to zero identically. 
The longitudinal fields (strengths) are equal to zero in this limit only when aae 
chooses the frame with ps =| p |, cf. with the light front formulation, ref.tJ. 
In the case A^ = 1 and ^^^) the fields B±(p,Ot) and E±(p,Ot) would be 
undefined. 
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3 Lagrangian, Energy-Momentum Tensor and Angular Momentum 

We begin with the Lagrangian, including, in general, mass termfl 

(36) 
The Lagrangian leads to the equation of motion in the following form (pro- 
vided that the appropriate antisymmetrization procedure has been taken into 
account): 

i(n+m2)F^, + (a^F„,^"-a.F„^'")-o , (37) 

where D = —dad", cf. with the set of equations (15,16). It is this equation 
for antisymmetric-tensor-field components that follows from the Proca-DufRn- 
Kemmer-Bargmann-Wigner consideration provided that m 7^ and in the final 
expression one takes into account the Klein-Gordon equation (□ —m?)F^j_i, = 0. 
The latter expresses relativistic dispersion relations i5^ — p^ = m? . 

Following the variation procedure one can obtain that the energy-momentum 
tensor is expressed: 

Q^P ^ i [(5A^^^)(^/3^Ma) _ 2{d^F^^"){d^F'' J- 

- 2(9^F^")(a'^F^„)] - Cg^P . (38) 

One can also obtain that for rotations x^ = a;** -I- uo^^'^Xi, the corresponding 
variation of the wave function is found from the formula: 

5F°'^ = i^j'^^r^^/'^'^F^^ . (39) 



The massless limit (m -^ 0) of the Lagrangian is connected with the Lagrangians used in 
the conformal field theory and in the conformal supergravity by adding the total derivative: 

CcFT = C+]^d^,{F^c,d-'F'"^ -F'"^a''Fuo.) . (35) 

The Kalb-Ramond gaugpjinvariant form (with respect to "gauge" transformations Ff^^ — » 
Ffiu + duKfi — d^Ki,), ref.tin is obtained only if one uses the Fermi procedure mutatis mutan- 
dis by removing the additional "phase" field A(9^_F'^'')^, with the appropriate coefficient A, 
from the Lagrangian. This has certain analogy with the QED, where the question, whether 
the Lagrangian is gauge-invarmnt or not, is solved depending on the presence of the term 
A(9^Af )2. For details see ref.B. 

In general it is possible to introduce various forms of the mass term and of corresponding 
normalization of the field. But, the dimensionless of the action S may impose some restric- 
tions; we know that F*^" in order to be able to describe long-range forces should have the 
dimension [energy]^. In order to take this into account one should divide the Lagrangian 
(|36h by m^; calculate corresponding dynamical invariants, other observable quantities; and 
only then study m — > limit. 
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The generators of infinitesimal transformations are then defined as 

It is T"/'^" , the generators of infinitesimal transformations, that enter in the 
formula for the relativistic spin tensor: 



d{dF^P/dt) "^ ^\ 



(41) 



As a result one obtains: 

+ ^^^(aoi^rM + 9^^0r + a,^,,o) - F^^r^d^F^^, + S^Fq, + S^F^o)] ■ (42) 

If one agrees that the orbital part of the angular momentum 

^KT = a^/tOor - a;r6oK , (43) 

with Qr\ being the energy-momentum tensor, does not contribute to the Pauli- 
Lubanski operator when acting on the one-particle free states (as in the Dirac 
2 = 1/2 case), then the Pauli-Lubanski 4-vector is constructed as follows, Eq. 
(2-21) oflia 

W^M = -^^M— ^""^" : (44) 

with J'^^ defined by Eqs. ( |4l|j4^ ). The 4- momentum operator P'' can be 
replaced by its eigenvalue when acting on the plane-wave eigenstates. 

Furthermore, one should choose space- like normalized vector n^n^ = — 1, 
for example uq =j-p, n = p = p/|p|. ^ After lengthy calculations in a spirit 
of pp. 58, 147 of EJ, one can find the explicit form of the relativistic spin: 

{Wf,-n'') = -{W-n) = -^e'^''n\r^p° , (45) 

Jk ^ ^^^]kJ^J ^ ^^3k f ^3^ [p^^d^F^"^) + F^^(9°F'^' -f 9'^^'° + 5'F°'^)] . 

(46) 



'^One should remember that the hehcity operator is usually connected pith the Pauli- 
Lubanaki vector in the following manner (J ■ p) = (W • p)/Ep, see ref. Ilj. The choice 
of ref.y, p. 147, n^ = (i** -p^^) fr, with t^^ = (1,0,0,0) being a time-like vector, is 
also possible but it leads to some oscurities in the procedure of taking the massless limit. 
These oscurities will be clarified in a separate paper. 
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Now it becomes obvious that the apphcation of the generahzed Lorentz con- 
ditions (which are quantum versions of free-space dual Maxwell's equations) 
leads in such a formulation to the absence of electromagnetism in a conven- 
tional sense. The resulting Kalb-Ramond field is longitudinal (helicity h = 0). 
All the components of the angular momentum tensor for this case are identi- 
cally equated to zero. 

One can consider connections with earlier works and regard ^^ A x A* 
term as the part of antisymmetric tensor potential and ~ B x B*, as the 
part of the 4- vector field. According told we proceed in the construction of 
the "potentials" for the notoph (Ogievetskii-Polubarino-Kalb-Ramond field) 
as follows: 

F,,{p) = N [eW(p)e(2)(p) - eW{p)e(^\p)] (47) 

On using explicit forms for the polarization vectors in the momentum space 
one obtains 



m 



/ -P2 Pi \ 

' p2 m+^^ J^ * 

-f^^ po+m po+m 

\ P2P3 PiPa g / 

\ Po+"i Po+m / 



(48) 



i.e., it coincides with the longitudinal components of the antisymmetric tensor 
obtained in refs.cl and my previous works within the normalization and dif- 
ferent forms of the spin basis (cf. formulas (29,32) above). The longitudinal 
states reduce to zero in the massless case under appropriate choice of the nor- 
malization and only if a j = 1 particle moves along with the third_.axis OZ. It 
is also useful to compare Eq. (Esh with the formula (B2) in ref. Eil in order to 
realize the correct procedure for taking the massless linul. 

Finally, we agree with the previous authors, e. g., ref.E3, see Eq. (4) therein, 
about the gauge non-invariance of the division of the angular momentum of the 
electromagnetic field into the "orbital" and "spin" part (|4l). We proved again 
that for the antisymmetric tensor field J ^ J d'^x E x A. So, what people 
actually did (when spoken about the Ogievetskii-Polubarinov-Kalb-Ramond 
field) is: When N — m they considered the gauge part of the 4- vector field 
functions. Then, equated A containing the transverse modes on choosing pr — 
p; = in the massless limit (see formulas (gj)).^ Under this choice the E(p, 0) 
and B(p, 0) are equal to zero in massless limit. But, the gauge part of u^(p, 0) 
is not. The spin angular momentum can still be zero. When A'^ = 1 the 
situation is the same because of the different form of dynamical equations. So, 



■^The reader, of course, can consider equating by the usual gauge transformation, A^ 
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for those who prefer simpler consideration it is enough to regard all possible 
states of 4-potentials/antisyinmetric tensor field in the massless limit in the 
calculation of physical observables. Of course, I would like to repeat, it is 
not yet clear and it is not yet supported by reliable experiments whether the 
third state of the 4-vector potential/antisymmetric tensor field has physical 
significance and pziziiether it is observable. 

However, in EH and several previous works experiments for verification of 
real physical significance of 4-potentials have been designed. 

4 Conclusions 

The achieved conclusion is: both the antisymmetric tensor field and the 4- 
potential field may have third helicity state in massless limit from a theoretical 
viewpoint. This problem is connected with the problem of the observability 
of the gauge. This conclusion is achieved on the basis of the analysis of the 
problem from a viewpoint of the normalization. 
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